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Abstract
We present a prescription to calculate manifestly gauge invariant tree-level scat-
tering amplitudes for arbitrary scattering processes with off-shell initial-state quarks
within the kinematics of high-energy scattering.
1 Introduction
Factorization procedures are the key to the application of perturbative QCD to the calculation
of cross sections of hard scattering processes at the Large Hadron collider. They follow the
physical picture of the parton model, in which it is eventually the quarks and gluons, or partons,
inside the colliding hadrons that interact in the hard scattering process. In collinear factorization,
these partons simply transport a fraction of the momentum of the hadron into the scattering pro-
cess, encoded by a single proportionality factor usually denoted by x. The factorization happens
via the convolution of a process-dependent partonic cross section with universal parton density
functions (pdfs), which only depend on this x variable and an unphysical scale, the factorization
scale. The total cross section is independent of this scale if all orders in perturbation theory are
taken into account, and in [1] it has been proven that this indeed works and that the procedure is
consistent.
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One may then wonder whether it is possible to generalize the factorization procedure, and
allow for the partons to carry momentum components into the partonic scattering process that
are independent of the original hadron momentum, or more specifically, that are transverse. This
would allow for calculations at leading order in QCD to incorporate kinematical effects that only
appear at higher orders within collinear factorization.
The extension of collinear factorization to allow for inclusion transverse momentum effects
goes under a name Transversal Momentum Dependent (TMD) factorization (we refer the reader
to [2] and references therein) and is in principle valid at large x. It has been realized in [3,4] that
the introduction of the extra momentum components implies an extra energy scale which may be
assumed to be much lower than the total energy of hadronic scattering process. This approach
goes under the name of high-energy factorization. It becomes relevant when the transverse com-
ponents are sizable compared to the longitudinal components carried into the partonic process,
i.e. for low values of x.
The partonic cross section within high-energy factorization requires matrix elements with
off-shell initial-state partons and needs to be convoluted with parton densities which depend
on longitudinal and transverse momentum [5–16]. Various approaches to calculate the matrix
elements for off-shell initial-state gluons exist [17–20]. The main issue is to ensure that they
are gauge invariant and that they satisfy the necessary Ward identities. While far less popular in
literature, approaches for off-shell quarks have also been developed. In particular, the effective
action approach for off-shell gluons [17] has also been applied for off-shell quarks [21], and
this approach has been followed e.g. in [22]. Recently, it has been used to calculate scattering
amplitudes for several scattering processes in [23]. Other recent work involving off-shell quarks
can be found in [24–28].
In this paper, we will derive a prescription to calculate manifestly gauge invariant tree-level
scattering amplitudes with off-shell initial-state quarks and an arbitrary number of final-state
particles. It is essentially the generalization of the work in [20] for quarks, and can straight-
forwardly be implemented in numerical programs using the well-known efficient methods for
tree-level calculations. Whereas prescription in [20] for gluons was shown to be equivalent to
the effective action approach of [17], the prescription for quarks presented here will be shown to
be equivalent to the effective action approach of [21].
2 Construction
In [20], a pair of auxiliary quarks was introduced enabling the embedding of the process g∗g∗ →
X with the off-shell gluons into the process qAqB → qAqB X with on-shell quarks, and where
X represents any set of final-state particles. It was shown that by applying eikonal Feynman
rules to the quark lines, gauge invariant scattering amplitudes are obtained that are defined in the
desired kinematical configuration that is relevant in high-energy factorization. This configuration
is such, that the off-shell initial-state partons carry momenta
kµ1 = x1`
µ
1 + k
µ
1⊥ , k
µ
2 = x2`
µ
2 + k
µ
2⊥ , (1)
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Figure 1: A few terms in the classification of the graphs contributing to qAg → γAuX w.r.t. the gluons
attached to the quark line.
where `1, `2 are the light-like momenta associated with the colliding hadrons, and where k1⊥, k2⊥
are transverse to both `1 and `2. The momentum fractions x1, x2 are between 0 and 1.
It was stressed in [20] that the formalism works for two off-shell gluons, but it was also
clear that the treatment of the gluons is completely independent, and that the formalism can be
viewed as a trivial generalization from one off-shell gluon to two off-shell gluons. Here, we will
consider the case of a single off-shell initial-state quark, and it will be clear that the situation
can be trivially generalized to the case of two off-shell initial-state partons, be it quarks and/or
gluons. So we consider the process
u∗g→ uX , (2)
where X represent an arbitrary, but definite, set of final-state particles. We will follow the strategy
of embedding this process into a larger on-shell proces again. To this end, we introduce an
auxiliary quark qA and an auxiliary photon γA which interact with the u-quark via the vertex
γAqA
u
= −iγµ . (3)
The auxiliary photon does not interact with any other particles, and can be interpreted as allowing
for neutral flavor-changing currents involving qA and u quarks. It is a color singlet, whereas the
quark is in the fundamental representation. The quark further only interacts with gluons via
normal quark-gluon vertices. Now, we consider the process
qAg→ γAuX . (4)
Fig. 1 shows a classification of graphs contributing to the process. The first term on the r.h.s.
contains all the graphs with the off-shell quark with momentum k1. To arrive at a gauge invariant
amplitude, also the other terms have to be taken into account. The momenta of the auxiliary
quark qA and photon γA are pA and pA ′ respectively, and following the approach of [20], we
assign the values
pµA = (Λ+ x1)`
µ
1 −
k1⊥ ·`4
`1 ·`2 `
µ
3 , p
µ
A ′ = Λ`
µ
1 +
k1⊥ ·`3
`1 ·`2 `
µ
4 , (5)
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where `3, `4 span the transverse space, and are defined by
`µ3 =
1
2
〈`2|γµ |`1] , `µ4 = 12〈`1|γµ |`2] . (6)
The momenta in Eq. (5) are on-shell and satisfy
pµA − p
µ
A ′ = k
µ
1 = x1`
µ
1 + k
µ
1⊥ , (7)
as required, for any value of the dimensionless parameter Λ. It was argued in [20] that one can
directly assign the spinor |`1] to the auxiliary quark without spoiling gauge invariance:
qA ← |`1] . (8)
We will do the same here, but with assumption that the helicity of the final-state u-quark is
negative, so for
u-quark ← 〈pu| , (9)
where pu is the momentum of the u-quark. We will come back to the case of positive helicity
for the u-quark later. For the polarization vector of γA we use the proper normalization of the
vector `4:
εµA ′ =
√
2
[`1|`2]
`µ4 . (10)
It is a polarization vector the for a photon with momentum `1 and auxiliary vector `2, and is also
valid for momentum pA ′ since pA ′ ·εA ′ = 0.
On-shellness of all particles involved in the constructed amplitude ensures its gauge invari-
ance. It, however, depends on unphysical imaginary momentum components, and the physical
amplitude is extracted by taking the limit ofΛ→∞. This limit only affects the qA-propagators.
For a qA-line with momentum p we have
ip/
p2
Λ→∞−→ i/`1
2 `1 ·p . (11)
The obtained amplitude still needs to be matched to the collinear limit when k21 → 0. It has
to be multiplied by a kinematical factor, which we will now derive. Firstly, the first set of graphs
on the r.h.s. of Fig. 1 dominate, since only they contain k21 in the denominator. Let us abbreviate
this set by
A = [Ψ| ik/1
k21
(−iε/A ′) |`1] =
1
k21
[Ψ|k/1 ε/A ′ |`1] , (12)
where [Ψ| represents the blob, excluding the propagator with momentum k1. Inserting Eq. (10),
we get
A = 1
k21
[Ψ|k/1 |`1〉[`2|`1]
√
2
[`1|`2]
= −
√
2
k21
[Ψ|k/1 |`1〉 , (13)
and inserting the expansion of k1 in terms of `1, `3, `4, we find
A =
√
2
k21
[Ψ|`1]〈`2|`1〉 k1⊥ ·`4
`1 ·`2 . (14)
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Here, [Ψ|`1] is the amplitude in the collinear limit, modulo a factor
√
x1. In the collinear case,
the on-shell initial-state quark would get a spinor |x1`1] =
√
x1 |`1]. Now we note that, for real
`1, `2, the vectors `3 and `4 are each others complex conjugate, so that
k21 = k
2
1⊥ = −2
|k1⊥ ·`4|2
`1 ·`2 (15)
and, using also |〈`2|`1〉|2 = 2`1 ·`2, we find
|A|2 = −2
∣∣[Ψ|`1]∣∣2
k21
=
∣∣[Ψ|x1`1]∣∣2
−x1k21/2
. (16)
So we conclude that in order to arrive at an amplitude leading to the correct collinear limit, it has
to be multiplied with
√
−x1k21/2.
The derivation above was for a negative-helicity final-state u-quark. For positive helicity,
we need to switch the roles of `3 and `4, and assign qA ← |`1〉. The auxiliary photon gets
polarization vector
√
2 `µ3/〈`2|`1〉. For processes with an off-shell initial-state anti-quark, the
derivation works quite analogously, with spinors 〈`1|, [`1| for the auxiliary quark. The kinematical
factor the amplitude has to be multiplied with is the same for all cases.
We summarize the prescription to calculate gauge-invariant tree-level scattering amplitudes
with an off-shell initial-state, say u-, quark that gives the correct collinear limit:
Prescription
1. Consider the embedding of the process, in which the off-shell u-quark is replaced by an
auxiliary quark qA, and an auxiliary photon γA is added in final state.
2. The momentum flow is as if qA carries momentum k1 and the momentum of γA is identical
to 0.
3. γA only interacts via Eq. (3), and qA further only interacts with gluons via normal quark-
gluon vertices.
4. qA-line propagators are interpreted as i/`1/(2`1 ·p), and are diagonal in color space.
5. Sum the squared amplitude over helicities of the auxiliary photon. For one helicity, simul-
taneously assign to the external qA-quark and to γA the spinor and polarization vector
|`1] ,
〈`1|γµ|`2]√
2 [`1|`2]
, (17)
and for the other helicity assign
|`1〉 , 〈`2|γ
µ|`1]√
2 〈`2|`1〉
. (18)
6. Multiply the amplitude with
√
−x1k21/2.
For the rest, normal Feynman rules apply.
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Some remarks are at order. Regarding the momentum flow, we stress, as in [20], that momen-
tum components proportional to k1 do not contribute in the eikonal propagators, and there is a
freedom in the choice of the momenta flowing through qA-lines.
Regarding the sum over helicities, one might argue that only one of them leads to a non-zero
result for given helicity of the final-state quark, but there may, for example, be several identical
such quarks in the final state with different helicities.
In case of more than one quark in the final state with the same flavor as the off-shell quark,
the rules as such admit graphs with γA-propagators. These must be omitted. They do not survive
the limit Λ→∞ in the derivation, since the γA-propagators are suppressed by 1/Λ.
The rules regarding the qA-line could be elaborated further like in [20], leading to simplified
vertices for gluons attached to this line and reducing the numerator of the eikonal propagators to
1. Formulated as above, however, the prescription is more straightforward and closer to familiar
Feynman rules. The equivalent rules for off-shell gluons were presented in [29].
For off-shell initial-state anti-quarks, the spinors and polarization vectors for the auxiliary
particles become
[`1| ,
〈`1|γµ|`2]√
2 [`1|`2]
and 〈`1| , 〈`2|γ
µ|`1]√
2 〈`2|`1〉
. (19)
The eikonal propagator for the anti-quark carries an extra minus-sign.
Amplitudes with a second off-shell initial-state quark can be constructed introducing a second
auxiliary quark qB and a second auxiliary photon γB. This photon does not interact with the qA
quark, and γA does not interact with qB. The Feynman rules for these auxiliary particles are
the same as before, but with the role of `1 and `2 interchanged. Amplitudes with an off-shell
initial-state quark and an off-shell initial-state gluon can be constructed using the rules presented
in [29] for the off-shell gluon.
3 Results
In Appendix A we reproduce some non-trivial expressions for scattering amplitudes with off-
shell quarks given earlier in [23], thereby indicating the equivalence of our approach to the
effective action approach of [21]. As a first new application, we present the helicity amplitudes
for the process u∗g→ ug. The graphs that have to be taken into account are depicted in Fig. 2.
We present the helicity amplitudes with all momenta incoming, i.e. for the process
0 → g(p1)g(p2)u(pu) u¯∗(pu¯ + kT) , (20)
and we denote
pu¯ = −x1`1 , kT = −k1⊥ , |kT | =
√
−k21⊥ . (21)
The amplitude can be decomposed into two color structures following
Ma1,a2ju,ju¯ (1, 2, u, u¯) = 2ig2S
[(
Ta1Ta2
)
ju,ju¯
A(1, 2, u, u¯) + (Ta2Ta1)
ju,ju¯
A(2, 1, u, u¯)
]
, (22)
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Figure 2: Graphs contributing to the process u∗g→ ug.
where the generators of the color group are normalized such that Tr{TaTb} = 1
2
δab. The non-zero
helicity amplitudes ordered with respect to the gluons are then given by
A(1+, 2−, u+, u¯+) = − [u¯|k/T |1〉
|kT |〈u¯1〉
〈u¯1〉3〈u1〉
〈u1〉〈12〉〈2u¯〉〈u¯u〉 , (23)
A(1−, 2+, u+, u¯+) = − [u¯|k/T |2〉
|kT |〈u¯2〉
〈u¯2〉3〈u2〉
〈u1〉〈12〉〈2u¯〉〈u¯u〉 , (24)
A(1+, 2−, u−, u¯−) = 〈u¯|k/T |1]
|kT |[u¯1]
[u¯1]3[u1]
[u1][12][2u¯][u¯u]
, (25)
A(1−, 2+, u−, u¯−) = 〈u¯|k/T |2]
|kT |[u¯2]
[u¯2]3[u2]
[u1][12][2u¯][u¯u]
, (26)
A(1+, 2+, u−, u¯−) = −|kT | 〈u¯u〉
3
〈u1〉〈12〉〈2u¯〉〈u¯u〉 , (27)
A(1−, 2−, u+, u¯+) = |kT | [u¯u]
3
[u1][12][2u¯][u¯u]
. (28)
In [19] it was shown that ∣∣∣∣ [u¯|k/T |1〉|kT |〈u¯1〉
∣∣∣∣ = 1 , (29)
so we see that the first four amplitudes are, in terms of the four on-shell momenta, identical
to the well-known collinear amplitudes [30], apart from a phase factor. Notice that also in the
color off-diagonal terms in the squared amplitude, e.g. in A(1+, 2−, u+, u¯+)A(2−, 1+, u+, u¯+)∗,
the product of the phase factors is 1, so for the first four helicity configurations, the squared
matrix element is given just by the collinear expression evaluated with the on-shell momenta
p1, p2, pu, pu¯. This seems counter-intuitive, since these momenta do not satisfy momentum con-
servation. Indeed, a matrix element is a priori not unambiguously defined for a set of external
momenta that do not satisfy momentum conservation, but a particular explicit expression for that
matrix element in terms of the external momenta may be perfectly well defined.
A difference, finally comes with the last two helicity amplitudes, which, contrary to the
collinear case, are not identical to zero, but are proportional to |kT |.
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The presented prescription to calculate amplitudes with off-shell initial-state quarks has been
implemented into a numerical program, and as a second application, we present cross sections
for the processes
ug→ dµ+ νµ u∗ g→ dµ+ νµ ug∗ → dµ+ νµ
ug→ ug u∗ g→ ug ug∗ → ug
ug→ ugg u∗ g→ ugg ug∗ → ugg (30)
ug→ uu u¯ g u∗ g→ uu u¯ g ug∗ → uu u¯ g
calculated with the help of a toy model unintegrated pdf closely following [20], namely
F(x, k⊥) = fa(x, µ)
θ(µ2 − k2⊥)
Q20 g(x)
exp
(
−
k2⊥
2Q20 x g(x)
)
. (31)
The index a indicates the nature of the off-shell parton, and k⊥ now denotes a two-dimensional
transverse vector and not its four-dimensional embedding in Minkowski space. Eq. (31) is to be
understood as a tool to study the off-shell matrix elements, in particular their collinear limits. Q0
determines the typical scale of the transverse momentum components, and for small values the
pdf reduces to the collinear pdf
lim
Q0→0
∫
d2k⊥
2pi
F(x, k⊥) = x fa(x, µ) . (32)
The aim of the exercise is to see the difference in behavior between the matrix elements for the
off-shell quark and the off-shell gluon. Therefore, we use the same function g(x) for both types
of partons, namely the collinear gluon pdf.
Results are presented in Fig. 3. Depicted are cross sections as function of the scale Q0. The
center-of-mass energy is 14TeV, and the phase space cuts are pT > 20GeV and |y| < 2.8 for
all final-state particles. Also, all pairs of final-state particles have ∆R > 0.4, except in the first
process. The collinear pdfs are from CTEQ6L1 [31]. The values of the couplings and masses are
the same as in [20], and also the scale µ is fixed to the Z-mass again for simplicity.
The straight lines in each of the plots correspond to the collinear case, that is toQ0 = 0. Since
the unintegrated pdf is merely a toy model, one should be careful in drawing conclusions from
the other curves. It is, however, clear that the matrix elements for the off-shell quark behave
very differently from the matrix elements for the off-shell gluon for increasing Q0, that is for
increasing values of the virtuality of the off-shell parton.
4 Summary
We presented a prescription to calculate manifestly gauge invariant tree-level scattering ampli-
tudes for arbitrary scattering processes with off-shell initial-state quarks within the kinematics of
high-energy scattering. Furthermore, we derived explicit expressions for the helicity amplitudes
of the process u∗g→ ug, and studied the difference in behavior of the matrix elements between
8
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Figure 3: The cross section of various processes as function of the scaleQ0 in the toy model unintegrated
pdf of Eq. (31). The on-shell process does not depend on this scale, and its value corresponds to Q0 = 0.
The other curves in each plot correspond to the case of an off-shell intial-state gluon and an off-shell
initial-state quark.
processes u∗g → uX and ug∗ → uX for a number of sets of final-state particles. We see that
the matrix elements for off-shell gluons suppress the cross section stronger for increasing values
of the transverse momentum than the matrix elements for off-shell quarks.
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Figure 4: All graphs contributing to the process u∗u¯∗ → gg via the embedding qA q¯B → γAγB gg.
A Reproduction of existing results
We compare our approach with the exisiting results for the processes
u∗ u¯∗ → gg (33)
u∗ g∗ → ug . (34)
The existing results can be found in [23], where they were calculated following the effective
action approach of [21].
A.1 u∗ u¯∗ → gg
The existing result can be found in eq. (29) and eq. (21) of [23]. The graphs contributing to the
embedding
qA(k1) q¯B(k2) → γA γB g(p1, a, µ) g(p2, b, ν) (35)
in our approach are depicted in Fig. 4. Using the relation
− ig2S T
cfcab = (−igS)(−igS)[Ta, Tb] (36)
we split the graphs with the 3-gluon vertex into two parts. The amplitude can, before contraction
with the polarization vectors of the external gluons, be written as
M
ab, µν
−,− =
√
x1x2k
2
1k
2
2
4
(−igS)2 〈`2|
[
Cµν(p1, p2)T
aTb + Cνµ(p2, p1)T
bTa
]
|`1] , (37)
and we only need to calculate Cνµ(p2, p1). The spinors |`1], 〈`2| are those assigned to the external
auxiliary quarks qA and q¯B respectively and both have negative helicity. The mixed-helicity cases
vanish, and the positive helicity case will be dealt with later. According to our prescription, the
polarization vectors for the auxiliary photons are then given by
εµA =
〈`1|γµ|`2]√
2[`1|`2]
, εµB =
〈`1|γµ|`2]√
2〈`1|`2〉
. (38)
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Remember that for the B-photon `1 and `2 switch role. The 3-gluon vertex with momentum
conservation imposed and a propagator denominator included we denote by
Vσµν(p1, p2) =
1
(p1 + p2)2
[
(p1 − p2)
σ ηµν + (2p2 + p1)
µ ηνσ − (2p1 + p2)
ν ηµσ
]
. (39)
The graphs contribute, in the Feynman gauge, to Cνµ(p2, p1) as follows:
Cνµ(p2, p1) = (−iε/B)
i
−k/2
(−iγσ)Vσνµ(p2, p1)
i
k/1
(−iε/A) (40)
+ (−iε/B)
i
−k/2
(−iε/A)
i/`1
2`1 ·(k1 − p1 − p2)(−iγσ)V
σνµ(p2, p1) (41)
+ (−iγσ)Vσνµ(p2, p1)
i/`2
2`2 ·(−k2 + p1 + p2)(−iε/B)
i
k/1
(−iε/A) (42)
+ (−iε/B)
i
−k/2
γν
i
k/1 − p/1
γµ
i
k/1
(−iε/A) (43)
+ (−iε/B)
i
−k/2
γν
i
k/1 − p/1
(−iε/A)
i/`1
2`1 ·(k1 − p1) γ
µ (44)
+ γν
i/`2
2`2 ·(−k2 + p2)(−iε/B)
i
k/1 − p/1
(−iε/A)
i/`1
2`1 ·(k1 − p1) γ
µ (45)
+ γν
i/`2
2`2 ·(−k2 + p2)(−iε/B)
i
k/1 − p/1
γµ
i
k/1
(−iε/A) (46)
+ (−iε/B)
i
−k/2
(−iε/A)
i/`1
2`1 ·(k1 − p1 − p2) γ
ν i/`1
2`1 ·(k1 − p1) γ
µ (47)
+ γν
i/`2
2`2 ·(−k2 + p2) γ
µ i/`2
2`2 ·(−k2 + p1 + p2)(−iε/B)
i
k/1
(−iε/A) (48)
After some re-arrangements of terms and using the fact that `1·k1 = `2·k2 = 0, and therefor also
`1 ·(p1 + p2) = `1 ·(k1 + k2) = `1 ·k2 , `2 ·(p1 + p2) = `2 ·(k1 + k2) = `2 ·k1 , (49)
we find
−iCνµ(p2, p1)
=
(
ε/B
1
k/2
γσ
1
k/1
ε/A − ε/B
1
k/2
ε/A
/`1
2`1 ·k2 γσ − γσ
/`2
2`2 ·k1 ε/B
1
k/1
ε/A
)
Vσνµ(p2, p1)
+
(
ε/B
1
k/2
γν − γν
/`2
2`2 ·p2 ε/B
)
1
p/1 − k/1
(
γµ
1
k/1
ε/A − ε/A
/`1
2`1 ·p1 γ
µ
)
− ε/B
1
k/2
ε/A
/`1
2`1 ·k2 γ
ν /`1
2`1 ·p1 γ
µ + γν
/`2
2`2 ·p2 γ
µ /`2
2`2 ·k1 ε/B
1
k/1
ε/A . (50)
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It turns out to be convenient to insert 1 = k/1/k/1 and 1 = k/2/k/2 at some points:
−iCνµ(p2, p1)
=
(
ε/B
1
k/2
γσ
1
k/1
ε/A − ε/B
1
k/2
k/1
1
k/1
ε/A
/`1
2`1 ·k2 γσ − γσ
/`2
2`2 ·k1 ε/B
1
k/2
k/2
1
k/1
ε/A
)
Vσνµ(p2, p1)
+
(
ε/B
1
k/2
γν − γν
/`2
2`2 ·p2 ε/B
1
k/2
k/2
)
1
p/1 − k/1
(
γµ
1
k/1
ε/A − k/1
1
k/1
ε/A
/`1
2`1 ·p1 γ
µ
)
− ε/B
1
k/2
k/1
1
k/1
ε/A
/`1
2`1 ·k2 γ
ν /`1
2`1 ·p1 γ
µ + γν
/`2
2`2 ·p2 γ
µ /`2
2`2 ·k1 ε/B
1
k/2
k/2
1
k/1
ε/A . (51)
Now, we apply the fact that
/`1 = |`1〉[`1|+ |`1]〈`1| , /`3 = |`2〉[`1|+ |`1]〈`2|
/`2 = |`2〉[`2|+ |`2]〈`2| , /`4 = |`1〉[`2|+ |`2]〈`1| (52)
and
ε/A =
√
2
[`1|`2]
/`4 , ε/B =
√
2
〈`1|`2〉 /`4 (53)
and the general relations
[p|p] = 〈p|p〉 = 0 , 〈q|p] = [q|p〉 = 0 , 〈p|γµ|q〉 = [p|γµ|q] = 0 ,
[p|q] = −[q|p] , 〈p|q〉 = −〈q|p〉 , 〈p|γµ|q] = [q|γµ|p〉 , (54)
〈p|γµ|p] = 2pµ , [p|q]〈q|p〉 = 2p·q .
We get
〈`2| ε/B = −
√
2 [`2| (55)
〈`2|γσ /`2
2`2 ·k1 ε/B = −
√
2
`σ2
`2 ·k1 [`2| (56)
〈`2|γν /`2
2`2 ·p2 γ
µ /`2
2`2 ·k1 ε/B = −
√
2
`ν2
`2 ·p2
`µ2
`2 ·k1 [`2| (57)
and likewise
ε/A |`1] = −
√
2 |`1〉 (58)
ε/A
/`1
2`1 ·k2 γ
σ |`1] = −
√
2
`σ1
`1 ·k2 |`1〉 (59)
ε/A
/`1
2`1 ·k2 γ
ν /`1
2`1 ·p1 γ
µ |`1] = −
√
2
`ν1
`1 ·k2
`µ1
`1 ·p1 |`1〉 . (60)
Inserting these relations, we get
〈`2|Cνµ(p2, p1) |`1] = 2i [`2| 1
k/2
Dνµ(p2, p1)
1
k/1
|`1〉 , (61)
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where
Dνµ(p2, p1) =
(
γσ − k/1
`1σ
`1 ·k2 − k/2
`2σ
`2 ·k1
)
Vσνµ(p2, p1)
+
(
γν − k/2
`ν2
`2 ·p2
)
1
p/1 − k/1
(
γµ − k/1
`µ1
`1 ·p1
)
− k/1
`ν1
`1 ·k2
`µ1
`1 ·p1 + k/2
`ν2
`2 ·k1
`µ2
`2 ·p2 . (62)
One can now already recognize the terms from eq. (21) of [23], with the identifications
`1 ↔ n− , `2 ↔ n+ (63)
γµ − k/1
`µ1
`1 ·p1 ↔ γ(−)µ(k1,−p1) , γν − k/2 `
ν
2
`2 ·p2 ↔ γ(+)ν(k2,−p2) (64)
γσ − k/1
`1σ
`1 ·k2 − k/2
`2σ
`2 ·k1 ↔ γ(+,−)σ (k1, k2) . (65)
More precisely, and remembering that p1 − k1 = k2 − p2, we find
Cgg, ab, µν
QQ¯
(k1, k2, p1, p2) = g
2
S
[
Dµν(p1, p2)T
aTb +Dνµ(p2, p1)T
bTa
]
. (66)
So we arrived at
M
ab, µν
−,− = −i
√
x1x2k
2
1k
2
2 [`2|
1
k/2
Cgg, ab, µν
QQ¯
1
k/1
|`1〉 . (67)
Writing k1 and k2 in terms of `1,2,3,4 and using [`2|/`2 = [`2|/`4 = /`1|`1〉 = /`4|`1〉 = 0, we have
[`2|
1
k/2
=
1
k22
[`2|k/2 =
1
k22
[`2|/`3
−k2⊥ ·`4
`1 ·`2 =
1
k22
[`2|`1]〈`2| −k2⊥ ·`4
`1 ·`2 (68)
1
k/1
|`1〉 = 1
k21
k/1 |`1〉 = 1
k21
−k1⊥ ·`4
`1 ·`2 /`3 |`1〉 =
1
k21
−k1⊥ ·`4
`1 ·`2 |`1]〈`2|`1〉 (69)
Using furthermore that [`2|`1]〈`2|`1〉 = −2`1 ·`2 and √x2〈`2| = 〈x2`2| and √x1|`1] = |x1`1] we
find
M
ab, µν
−,− = i
√
1
k21k
2
2
2 k1⊥ ·`4 k2⊥ ·`4
`1 ·`2 〈x2`2|C
gg, ab, µν
QQ¯
|x1`1] . (70)
And thus we established the equality with eq. (29) of [23] up to a phase factor, as is clear from
Eq. (15). The reader may convince themselves that
M
ab, µν
+,+ = i
√
1
k21k
2
2
2 k1⊥ ·`3 k2⊥ ·`3
`1 ·`2 [x2`2|C
gg, ab, µν
QQ¯
|x1`1〉 . (71)
A.2 u∗ g∗ → ug
The existing result can be found in eq. (24) and eq. (16) of [23]. The graphs contributing to the
embedding
qA(k1)qB(k2) → γA qB u(p1)g(p2, µ, b)
15
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Figure 5: All graphs contributing to the process u∗g∗ → ug via the embedding qA qB → γA qB ug.
are depicted in Fig. 5. Rather than going through the whole calculation in all detail, we identify
which graphs contribute to which terms in eq. (16) of [23].
First of all, we recognize that all graphs except the last two can be paired according to the
occurrence of the combination
+k1 p1
c, σ
k1 p1
c, σ
= (−iγσ T c)
i
k/1
(−iε/A)|`1] + (−iε/A)
i/`1
2`1 ·p1 (−iγ
σ T c)|`1]
=
√
2 i
(
γσ
1
k/1
+
`σ1
`1 ·p1
)
|`1〉 T c =
√
2 iγ(−)σ(k1, p1)
1
k/1
|`1〉 T c (72)
with the induced vertex
γ(−)σ(k1, p1) = γ
σ + k/1
`σ1
`1 ·p1 = γ
σ + k/1
`σ1
`1 ·(p1 − k1) . (73)
The factor k/−11 |`1〉 evaluates further following Eq. (69). Furthermore, we recognize in the last
four graphs of the first line of Fig. 5 another induced vertex
+
c, σ b, µ, p2
k2
c, σ b, µ, p2
k2
= 〈`2|(−iγµTb) i/`2
2`2 ·p2 (−iγ
σ T c)|`2] + 〈`2|(−iγσ T c) i/`2
2`2 ·(k2 − p2)(−iγ
µTb)|`2] (74)
= −2i
`µ2 `
σ
2
`2 ·p2 [T
b, T c] = 2
`µ2 `
σ
2
`2 ·p2 f
abcTa .
So all graphs on the first line have the same color factor, and we may remove the Ta coming from
our rules [29] from all graphs. The color index a then indicates the off-shell initial-state gluon.
It is then straightforward to see that the whole first line of Fig. 5 contributes the terms
1
k22
γ(−)σ(k1, p1)
1
(k1 − p1)2
(
γµνσ(p2,−k2)`2ν + k
2
2
`µ2 `
σ
2
`2 ·p2
)
[Ta, Tb] (75)
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from the expression of [23]. The extra factor
√
k22 that has to be provided according to our rules
reduces the factor k22 in the denominator to
√
k22. Realize that `1,2 are dimensionful contrary to
n±. This difference manifests itself in the overall factor q−2 in the expression of [23] which does
not occur here. This factor also contains the x2 that has to be provided separately according to
our rules.
One can also easily recognize that the first two graphs on the second line of Fig. 5 contribute
−
1
k22
/`2
1
k/1 − p/2
γ(−)µ(k1,−p2)T
aTb , (76)
and the third and the fourth graph contribute
−
1
k22
γµ
1
k/1 + k/2
γ(−)σ(k1, k2)`2σT
bTa . (77)
The last two graphs, finally, can easily be seen to contribute
1
k22
2k/1`
µ
1
`1 ·p1
(
TaTb
`1 ·p2 −
TbTa
`1 ·k2
)
. (78)
The factor k/1 facilitates a compensating k/−11 necessary to write the contribution of the graphs
such that they contain k/−11 |`1〉 following Eq. (72).
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